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Abstract 
Lucas, T.G., Strong Priifer rings and the ring of finite fractions, Journal of Pure and Applied 
Algebra 84 (1993) 59-71. 
A finite fraction over a commutative ring R is a rational function of the form 
f=(a,X”+.*.+a,,)/(b,X”+*.* + b,) for which pi = ai and a(X),b(X) E RfXj. The collec- 
tion of all such finite fractions forms a ring $&,(R j which sits between the total quotient ring of 
R and the complete ring cf quotients of R. We introduce a new type of Priifer ring, referred to 
as a &-Priifer ring and defined as a ring R for which every ring between R and e,(R) is 
integrally closed in Q,(R). It is shown that every strong Priifer ring is a e,,-Priifer ring and 
every e,-Priifer ring is a Priifer ring. Each converse is shown to be false. However, being a 
strong Priifer ring is shown to be equivatent to being a Q,-Ptifer ring with Q,(R) having 
Property A. 
Intrduction 
Let R be a commutative 
complete ring of quotients 
fractions over R which we 
much the same procedure 
ring with identity having total quotient ring T(R) and 
Q(R). In between T(R) and Q(R) is the ring of finite 
denote by en(R). To form the ring QO( R) we follow 
as that given in Lambek’s book f13, Section 2.3] for 
constructing Q(R) replacing the phrase “dense ideal” with “finitely generated 
dense ideal”. 
Since the ring of finite fractions plays such a prominent role in this paper we 
sketch the construction before going any further. 
Let J1 and J, be finitely generated ense ideals of R and let 6 E Hom(JI , R) and 
fi E Hom(J,, R). Then J& is a finitely generated ense ideal SQ that we may 
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define both fi + f2 and fi f2 as homomorphisms on J2J2. Define fi and f2 to be 
equivalent if they agree on a dense ideal of J of R. From [ 13, Lemma 1, p. 381 we 
see that f’ and f.. agree on a dense ideal J if and only if they agree on J, n J, and 
hence if and only if they agree on J1 J2. The elements of Qo(R) are the 
equivalence classes of the homorphisms. 
The name ‘ring of finite fractions’ comes from the fact that each element of 
Q,(R) can be identified with an element of T(R[X]), the total quotient ring of the 
polynomial ring R[X]. For f E Q,,(R) let J = (b,, . . . , b,) be a dense ideal of R 
such that f E Hom(J, R). Let b(x) = b,X” + l l l + b, and a(X) = qJn + l l l + 
a,, where f(bi) = ai for each i. Then since bj f(bi) = f(bjbi) = bi f(bj), [a(X)/ 
b(X)]bi = ai for each i. Whence f can be identified with multiplication by 
0(X)/b(X). Note that since J is dense, b(X) is a regular element of R[X]. Even 
though b(X) is a regular element of R[X], J need not contain a regular element of 
R. When J does contain a regular element r of R, then f ‘reduces’ to the element 
s/r E T(R) where fr = s. For integral domains and noetherian rings such a 
reduction always occurs since in both cases an ideal either has a nonzero 
annihilator or contains a regular element. However, there are many examples 
where Qo(R) properly contains T(R) (see for example [16, Example 2.61 or the 
example section of this paper). 
For an ideal I of R, I is said to be regular if it contains a regular element and 
semi-regular if it contains a finitely generated ense ideal. If the only semi-regular 
ideals of R are the regular ones, then R is said to have Property A, in which case 
b(X) = b,X” + l l - -I- b, E R[X] is regular if and only if c(b) = (b,, . . . , b,) is a 
regular ideal of R. Whence Qo(R) = T(R) when R has Property A. The converse 
is false. 
In [5, Theorem 11, Davis proved that an integral domain D is a Priifer domain 
if and only if every overring of D is integrally closed. He also showed that for a 
noetherian ring R, every regular ideal of R is invertible if and only if every 
overring of R (in T(R)) is integrally closed [S, Theorem 61. Several years later 
Griffin extended Davis’s results to arbitrary rings, showing that every finitely 
generated regular ideal of R is invertible if and only if every overring of R is 
integrally closed [lo, Theorem 131. Griffin called such rings Priifer rings and this 
name has entered into common use. In [6], Eggert defined a ring R to be an Z-ring 
if every ring between R and Q(R) is integrally closed in Q(R). Thus every I-ring 
is a Priifer ring, but the converse is false. In fact, for reduced rings Eggert showed 
that R is an I-ring if and only if R is a Prufer ring and T(R) = Q(R) [6, Theorem 
91. (Hence reduced I-rings are the same as semi-hereditary ings.) In Example 14 
we give an example of a nonreduced I-ring R where T(R) # Q(R). Other 
variations on Priifer domains include arithmetical rings (which will not be 
considered in this paper) and strong Priifer rings (which will). A ring R is a strong 
prefer r&t if every finitely generated semi-regular ideal is locally principal. 
Strong Prufer rings were first defined in [3] where it was shown that R is a strong 
Priifer ring if and only if R(X) = R[X] U is a Priifer ring where U = {f E R[X]: 
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c(f) = R}. Since a finitely generated regular ideal is invertible if and only if it is 
locally prkcipal, a Priifer ring with Property A is a strong Priifer ring and a strong 
Priifer ring is a Prufer ring. But not all Prufer rings are strong Priifer rings nor 
does every strong Prufer ring have Property A (see for example [ 11, Examples 17 
and 181). However, it turns out that a ner:essary condition for R to be a strong 
Priifer ring is that Q,(R) have Property A. In fact, in Theorem 8 we show that R 
is a strong Priifer ring if and only if QJR) has Property A and every ring between 
R and QO( R) is integrally closed in QJR). For this reason we define a Q(,-Prii;fer 
ring to be a ring R for which all rings between R and QJR) are integrally closed 
in QJR). We also introduce the term Qo-overring of R to refer to a ring between 
R and Qo( R). In Theorem 4 we give a few equivalent conditions for R to be a 
Q(,-Prufer ring. Later we give various examples to show tha? not every Priifer ring 
is a Q,-Priifer ring nor is every Q,-Prufer ring a strong PrGfer ring. 
Q,-Priifer rings 
Let R C A be a pair of rings with the same identity and let P be a prime ideal of 
R. If for each a E A\R there is an r E P such that ra E R\P, then (R, P) is said to 
be a valuation pair of A. When A = T(R), the reference to A is dropped and 
(R, P) is simply called a valuation pair. Valuation pairs were introduced by Manis 
in [ 171. Associated with each valuation pair of A is a totally ordered group G (and 
symbol ‘x’.) and a surjective map u : A + G U {z} with the following properties: 
(i) u(xy) = u(x) + u(y) for all X, y E A, 
(ii) u(x + y) 2 min{ u(x), u(y)}, 
(iii) u(l) = 0, u(O) = z. 
Moreover, R = {SEA: u(r)~O} and P={rEA: u(r)>O). The map u issaid to 
be a valuation on A, and R is the valuation ring of A corresponding to u. Manis 
established the following characterizatron ui ,:‘I. Aon pair-~. 
Theorem 1 (cf. [17, Proposition 1.11). Let R C A be a pair of rings and let P be a 
prime ideal of R. Then the following are equivalent. 
( 1) (R, P) is a valuation pair of A. 
(2) There is a valuation u on 
u(r) > O}. 
(3) The only ring between R 
R itself. Cl 
AsuchthatR=(rEA:u(r)?O}andP={rEA: 
and A with an ideal which contracts to P (in R ) is 
To be consistent with our use of the terms Q,,-overrings, Q,,-Prufer rings and 
others still to come, we will use the term Q,,-valuation pair for any valuation pair 
of Qo!W 
Just as a Priifer domain is locally a valuation domain, a Q,,-Prufer ring can be 
localized in some sense to give a Q,,-valuation pair. For a multiplicatively closed 
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set S of R, the Q,-quotient ring of R with respect to S is the ring RI,! = {t E 
QJR): ts E R for some s E R}. When S is the complement of a prime ideal P we 
follow standard practice and use Rlpj in place of RI,) and call RipI the 
QO-quotient ring of R with respect o P In general the extension of P to RipI need 
not be a prime ideal of RlpI but the ideal {P} = {t E QJR): ts E P for some 
SE R\P} is a prime ideal of RIpI and {P) n R = P Many of the results 
concerning localizations of domains hold for Q,-quotient rings. The following 
results will prove useful in establishing our main theorems. 
Lemma 2. Let S be a multiplicatively closed subset of R and let 9 be the set of 
primes which are maximal with respect to missing S. Then R ( s ) = n ( R, r) : 
PE 9}. In particular, R = n (RI,,,,): M EMax(R 
Proof. The proof is essentially the same as for domains. 
On the one hand if P E 9, R\P 3 S. Hence Rjpj 3 R{,, . But on the other hand 
if tE n (car): P E 9}, then the ideal I = (r E R: rt E R} is not contained in any 
prime which misses S. Whence I n S # 0 and therefore R{,, = n { R1rJ : P E 
9). cl 
Lemma 3. Let S be a multiplicatively closed subset of R. If R is integrally closed in 
QoW, then RI,, is integrally closed in Q,(R). 
Proof. Let t be integral over R1,) and assume tn + r,, _ 1 t”-’ + l l l + r0 = 0 with 
rO,r,,. . l , r,,-, E R{S,- Then there is an s E S such that Sri E R for each i. Thus 
(St)” + sr,,_ 1 (stY*-’ + l l l + snrO = 0 is an equar’o ,  n of integrality for st over R. 
Whence st E R and t E R1sl. Cl 
For f E QJR), we let dom, f denote the set {r E R: fr E R} and let ran, f = 
fdom,f. Both dom,f and ran, f are ideals of R. Moreover, dom,f is always 
semi-regular while ran, f is semi-regular if and only if f is not a zero-divisor of 
QJR). Also for each prime ideal P of R, RtPI = U {f E &,(R): dom, f gP>. 
Our next result gives a characterization of Q,-Prfifer rings. Except for the 
implication (4) + (l), Eggert established asimilar result for Z-rings [6, Theorems 
2 and 111 (see also [lo, Theorem 131, and [7, Theorem 2.51). Note that for an 
integral domain D, condition (3) is the same as saying that (r : s) + (s : r) = D for 
each r and s in D (a condition known to characterize Prufer domains [8, Theorem 
25.21). 
Theorem 4. The following are equivalent for a ring R. 
(1) R is a Qo-Prufer ring. 
(2) (RI,,, (PI) is a Q,,-valuation pair for each maximal ideal of R. 
(3) For each f E Qo(R), dom, f + ran, f = R. 
(4) R is integrally closed in QJR) and each Q,,-overring of R is an intersection 
of Q,-quotient rings of R. 
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Proof. The proof that (1) implies (2) is essentially the same as that given for 
Theorem 13, 5. implies 1. of [lo]. 
For a proof of (2) implies (3) see the proof of Theorem 2, (ii) implies (iii) of 
bl . 
Lemmas 2 and 3 allow us to assert that (4) implies ( 1). 
To see that (3) implies (2), first note that for each f E Qo(R) no prime ideal of 
R can contain both dom,f and ran& Hence if P is a prime ideal of R and 
f E Q&W,,, 9 then there is an element r E P C (P} such that rf E R\P C 
Rtpj\{ P}. Whence for each prime ideal Q of R, (R,,, , {Q}) is a Qo-valuation 
pair. 
To complete the proof we show that (2) implies (4). That R is integrally closed 
in QJR) foliows from Lemma 2 and the fact that every Q,,-valuation ring is 
integrally closed in Q,< R). As (2) and (3) are equivalent, the proof of (3) implies 
(2) allows us to assert that for each prime ideal P of R, (R (,,), { P} ) is a 
Q,-valuation pair. 
Let V be a QO-overring of R and let M be a maximal ideal of V and P = M Tr R. 
Then obviously RI,,) C ViM,. Moreover, if tE {M} 17 Rip), then there are ele- 
ments s E V\M and r E R\P such that stE M and tr E R. Thus s(tr) E M SO that 
trE M n R = P. Whence {M} n Rip) = {P}. By the above and Theorem 1 we 
have VrM, = RI,,). 
fI (R,,,: 
Therefore by Lemma 2, V= n {VIM): M EMax V} = 
P=MnRforsomeMEMaxV}. Cl 
A ring T 1 R is said to 1~e a P-extension of R if for each t E T there is a 
polynomial f E R[X] such that c(f) = R and f(t) = 0. P-extensions were intro- 
duced by Gilmer and Hoffman in [9]. Among other things they proved that for an 
integral domain D with quotient field K, K is a P-extension of D if and only if the 
integral closure of D is a Priifer domain [9, Theorem 51. In our next theorem we 
establish a similar result for Q,,-Priifer rings. 
Theorem 5. The integral closure of R in Q,(R) is a Q,-Prtifer ring if and only if 
Q,(R) is a P-extension of R. 
Proof. Let R’ be the integral closure of R in Q,(R). The proof of [9, Theorem 3] 
shows that for each unit content polynomial f E R’[X] there are polynomials 
d E R’[X] and gE R[X] such that da f = g and c(g) = K. Hence Q,(R) is a 
P-extension of R if and only if QJR) is a P-extension of R’. Thus without loss of 
generality we may assume R = R’. 
(+) Assume R is a Q,-Prufer ring and let t E Q,,(R). Then by condition (3) of 
Theorem 4, there are elements a, b E dom,t such that a + bf = 1. We can multiply 
through by I and rearrange to get bt2 - f + at = 0. Since a E dom,t, at E R so that 
d satisfies t.he polynomial equation bX’ - X + at = 0. Thus Q,,(R) is a P-extension 
of R. 
(3) Assume Qo( R) is a P-extension of R and let M be a maximai ideal of R. 
By Theorem 4 it suffices to show that (R,, ), {M} ) is a Q,,-valuation ring. To this 
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end let t E QJR)\&,! l Since &,(R) is a P-extension of R, there is a polynomial 
f(X) = f,,X” + l l l + f0 of minimal degree such that f(t) = 0, f(X) E R[X] and 
some coefficient of f is not in M. Since R is integrally closed in Q”(R) the 
equation (f,t)” + fit-,( A+)“-’ + l l l -t- f0 f z-’ = 0 implies f,,t E R. As @R,,,,, , we 
must have f, E M. Whence by the minimality off, the equation (f,t + f,_&“- + 
l . l + fo = 0 implies f,t E R\M (and n = 1). Thus (R,,, , {M}) is a Q,-valuation 
pair and R is Q,-Priifer. •J 
Eggert proved that if R is an Z-ring, then dom, f is finitely generated for each 
f E Q(R) [6, Theorem 21. Thus R is an I-ring if and only if R is a Q,-Prufer ring 
and QoW = e(O 
An ideal I of R is said to be Q,-invertible if there is an R-submodule J of QJR) 
such that IJ = R. Essentially the same proof that shows an invertible ideal is 
finitely generated and locally principal shows that a Q,-invertible ideal is also 
finitely generated and locally principal. However, while an invertible ideal must 
be regular a Q,-invertible ideal need only be dense (see Example 14 and [8, 
Exercise 10, p. 4561). Thus a Q,-invertible ideal is semi-regular and hence for a 
QO-invertible ideal I, Hom(l, R) C Q,(R). From this we see that an ideal I is 
Q-invertible if and only if IHom(1, R) = R. It follows that a finitely generated 
semi-regular ideal I is Q,-invertible if and only if I is locally principal since for 
each maximal ideal M, HomRM(I,,, R,,,,) is naturally isomorphic to 
(Horn&, R)),,,, (see also [12, Theorem 3.4.11). Hence Q,-invertible ideals are the 
same as finitely generated cancellation ideals (see [8, Exercises 5, 6, and 7, pp. 
66-671 and [2, Theorem 11). In deference to the usual definitions of Prufer 
domains and Priifer rings, we have chosen to (introduce and) use the term 
‘Q,-invertible’ for these ideals. 
The following result is adapted from one which first appeared in [ 11. 
Lemma 6. Let I be a finitely generated semi-regular ideal of R. Then the following 
are equivalent. 
(1) I is Q&-tvertible. 
(2) I is &ally principal. 
(3) I is locally invertible. 
(4) IR(X) is invertible. 
(5) IR(X) is locally principal, 
(6) IR(X) is principal. 
Proof. A proof of the equivalence of (1) and (2) appears above. For the others 
see either [l] or [ll, Theorem 15.1 and 15.21. q 
A direct consequence of the above result is the following theorem concerning 
certain ideals in a Q,,-Priifer ring. 
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Theorem 7. Let I be a finitely generated semi-regular ideal of R. If R is a 
QO-Prtifer ring arzd IQ,,(R) = Q,,(R), then I is a Q,,-invertible ideal of R. 
Proof. Let I = (a, 5 . . . , a,,) and let q,, . . . , q,, E Q,,(R) be such that a,q, + 
a2q2 + l l l + whl = 1. If some qiai is not in R, then there is a maximal ideal M of 
R such that qiaj$R,,,. For such a maximal ideal, let v be a valuation on QO(R) 
corresponding to the Q,-valuation pair (R,,,, {M}). Since the set { qka,,,: 
k,m=l,..., n} is finite, the set { v( qka,): k,m = 1, . . . , n} has a minimum 
value, say -b < 0. Let r E {M> be such that u(r) = 6. Then v(rq,a,n) 10 for each 
k and m and is equal to zero for some k and m. Again because the set { q,a,: 
k,m = 1. ;. . , n} is finite, there is a t E R\M such that trqka,, E R for each k and 
m and trqkam E R\M for some k and m. Thus trqk E Hom(l, R) for each k and 
IHom(Z, R)gM. 
If P is a maximal ideal for which qiaj E R (,,) for each i and i. Then there is an 
s E R\P such that sqiaj E R for each i and i and sqiaj E R\P for some i and i. 
Whence sq, E Homjl, R) for each i and IHom(l, R)g P. Since no maximal ideal 
can contain ZHom(l, R), I is Q,-invertible. Cl 
From the above results we get the following characterization of strong Priifer 
rings. Note that the equivalence of (1) and (2) was first established in [3]. (For 
more on strong Priifer rings see 14, Section 31.) 
Theorem 8. The following are equivalent for a ring R. 
R is a strong Prtifer ring. 
Every finitely generated semi-regular ideal of R is Q,,-invertible. 
R(X) is a Priifer ring. 
R is Q,-Prtifer and Q,(R) has Property A. 
R is integrally cimu in Q,,(2) .Y 4 ‘UR[X]) = &U’)[X],.. 
R is a Prtifer ring and T(R) is a strong Priifer ring. 
Proof. For the proof of (l)e(2) see [3, Theorem 3.21. 
(1) =$ (3) Let I be a finitely generated semi-regular ideal of R. Then I is locally 
principal and so by Lemma 6 ZHom(l, R) = R. 
If J is a finitely generated semi-regular ideal of Q,,iR), then there is a finitel;! 
generated semi-regular ideal A of R such that AJ C R. Since both A and J are 
finitely generated and dense, I = AJ is a finitely generated semi-regular ideal of 
R. Hence J = JQ,,(R) 3 AJQ,,(R) = IQ,,(R) = Qcl(R) since BHom(l, R) = R. 
Thus Q,(R) has Property A. 
Let R C S C &(R). Then R(X) C S[X], C Q,,(R)[X]. C T(R[X]). Since R(X) 
is Priifer, S[X], is integrally closed in Q,,( R)[ X], . S ince all of the polynomials in 
U have unit content in R, S[X], n Q,,(R) = S. Thus S is integrally closed in 
Q”(R) and R is a Q,,-Priifer ring. 
(3) + (1)’ Let I be a finitely generated semi-regular ideal of R. Since Q,,(R) has 
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Property A, IQ,(R) = QJR). Whence by Theorem 7, I is a &-invertible ideal of 
R. 
(3) 3 (4) If R is a Q,,-Priifer ring, then R is integrally closed in Q&?). 
Let a(X) = a,,X” + l l l + a, X + a, be a regular element of R[ X]. It suffices to 
show that l/a(X) E Q,(R)[X],. S ince a(X) is regular, c(a) is a semi-regular ideal 
of R. Hence c(a)Q,(R) = Qo(R) since Qo(R) has Property A. Whence by 
Theorem 7, c(a)Hom(c(a), R) = R. Pick b,, b,, . . . , b, E Hom(c(a), R) such that 
a,$% + 9 l l -I- aObn = 1 and set b(X) = b,X” + l n l + b,. Then the coefficient on X” 
in the expansion of a(X)b(X) is 1. Consequently 
lla(X) = b(X)la(X)b(X) E Q,(R)[X], l 
(4) 3 (3) Let I be a semi-regular ideal of Qo(R) and let g(X) = g,J” + l l l + go 
where (go,. . . , g,) is a dense ideal of Q,(R) contained in I. Since g(X) is a 
regular element of QJR)[X] and T(R[ X]) = Q,(R)[X], , there are polynomials 
4x1 E Q,,(R)[xl and u(X)E U such that g(X)d(X) = u(X). AS 1 E c(u), 
IQ,(R) = QJR).- Whence QO(R) has Property A. 
F’or each t E Q,(R), the polynomial X - t is a regular element of QJR)[X]. 
Hence I/(X - t) E T(R[X]) = QO(R)[X],. Thus there are polynomials d(X) E 
QJR)[X] and u(X) E U such that (X - t)d(X) = u(X). But then u(t) = 0 and 
Q,(R) is a P-extension of R. Since R is integrally closed in Q,(R) we have that R 
is a QO-Priifer ring by Theorem 5. 
(3) + (5) Since R C T(R) C QJR), R is Priifer and T(R) is Q,-Priifer. Whence 
by the equivalence of (1) and (3)) T(R) is a strong Priifer ring. 
(5) 3 (4) since R is integrally closed in T(R) and T(R) is integrally closed in 
QJR), R is integrally closed in Q,(R). 
Let U’ be the set of unit content polynomials over T(R) and let a(X) be a 
regular element of R[X]. Since T(R) is a strong Priifer ring, there are polynomials 
b(X) E QO(R)[X] and u(X) E U such that a(X)b(X) = u(X). Since u(X) has unit 
content in T(R), there is a regular element r E R such that ru(X) E R[ X] and 
c(ru(X)) is .regular. Then c(ru(X)) is an invertible ideal of R. Whence there is a 
polynomial t(X) E T( R)[ X] such that ruitj E R for each coefficient Ui and tj of 
u(X) and t(X), respectively, and c(ru(X)t(X)) = R. Hence 
1 I a(X) = b(X) lu(X) = rb(X) h(X) 
= rb(X)t(X)lru(X)t(X) E Qo(R)[XIU . •I 
Corollary 9. The integral closure of R in QJR) is a strong Prtifer ring if and only 
if Q,W[Xl, = WXlh 
Proof. Let R’ be the integral closure of R in Q,,(R) and let U’ be the set of unit 
content polynomials over R’. A result of Gilmer and Hoffman [9, Theorem 31 
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shows that U ’ is the saturation of U in R’[ Xl. Whence Q,,(R)[ XIU = 
Qo(R’)[X]U #. The result follows from the equivalence of (1) and (5) in Theorem 
8. Cl 
Corollary 10. For an integral domain D with quotient field K, the integral closure 
of D is a Priifer domain if and only if K(X) = K[X]“, where V = (f E D[X]: 
c(f) = D}* 
All of our examples will be constructed using the principle of idealization [ 18, 
p. 21. Specifically, we will take a domain D with quotient field K and a nonempty 
set 9 of prime ideals of D. For each Pa E 9 we let KU denote the quotient field of 
DIP,. The desired ring R will be formed by the idealization of the D-module 
B = z K,; i.e. R = D(+)B where for each r,s E D and a,b E B, (r, a) + (s, b) = 
(r + s, a + b) and (r, a)(s, b) = (rs, rb + sa). 
For D, K, p, B and R as above, we let S = D\U {P,: P, E S@} and 9 = (J: J 
is an ideal of D and for some finite subset A of .I, A $?! P, for each P, E S }. Then 
both D, and E = y {J-l : J: E 9> are overrings of D and moreover B is naturally 
a module over both D, and E. The ring E can also be derived as the directed 
union of the ideal transforms T(J) where the J’s range over the finitely generated 
ideals in 9. 
We will make free use of the following elementary facts about the construction 
of R= D(+)B. 
Theorem 11. Let D, K, 9, B, R, S, 9 and E be as above and let I be an ideal of 
R. Then: 
(a) T(R) can be identified with D,(+) B. 
(b) I is regular if and only if I = J( + ) B = JR where J is an ideal of D such that 
Jns#Ib. 
(c) (0 : I) = (0) if and only if I = J( +) B = JR where J is an ideal of D which is 
not contained in any Pu E 9. Moreover, I is semi-regular if and only if J E 9. 
(d) If I = J( + ) B is a semi-regular ideal of R, then &m(YP, R ) can bc Ident$?ed 
with J-‘( +)B. 
(e) If I = J( + ) B is a semi-regular ideal, then IHom(I, R) = R if and only if J is 
an invertible ideal of D. 
(t’) Qo(R) can be identified with E(+)B. 
(g) R is integrally closed if and only if D is integrally closed in D, . 
(h) R is integrally closed in Q,,(R) if and only if D is integrally closed in E. 
Psoos?. Let r E-: D and let Pa E 9. If r e P,, then r survives in K, and rK, = K&. 
On the other hand. if r E P,, then rc, = 0 for each cCI E K,, . Hence if r E P,, then 
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for each b E B (r, b) is a zero divisor. Conversely, since D is a domain, if (r, b) is 
a zero divisor, then r must be an element of some Ps E 9. Both (a) and (g) follow 
from this. 
Let J = {r E D: (r, b) E I for some b E B}. It is a straightforward exercise to 
show that J is an ideal of D. Moreover, from the above (D : I) = (0) if and only if 
no Pa E 9 contains J. When (0 : I) = (0), for each Pa E 9 there is an element 
S, E J\P,. Whence JB = B and I = J( +)B = JR. It follows that I is regular 
(semi-regular) if and only if J n S # 0 (J E 9). Thus both (b) and (c) hold 
To prove (d), let I = J( +)B = JR be a semi-regular ideal of R. Since no Pa E 9 
contains J, J-’ C D, for each Pa E 9. Hence for each f E J-’ and each b E B, 
the product fb is well defined. Thus for each f E J-’ and each c E B, multiplica- 
tion by (f, c) defines an R-module homomorphism from I to R. 
Let g E Hom(I, R). Since J generates I in R and R = D( +)B, we can break g 
down into a sum of D-module homomorphisms f and h where f maps J into D 
(and B into B) and h maps J into B (and B to (0)). This puts f E J-’ since D is a 
domain. 
Since B = XK,, for each K, the projection rr, from B onto KoI is a D-module 
homomorphism. Thus the map h, = ma 0 h is a D-module homomorphism from J 
to K,. 
Let Pm E .9 and let j, E J\P,. Then h,( j,) = c, E K, and since j, survives in 
K, we can write c, = jaba for some b, E K,. For each j E J we have j,h( j) = 
jh,(j,) =jc, =jj,b,. Hence h, is defined by the multiplication of b, by the 
elements of J. Thus h can be defined by the multiplication of an element 
b E fl K, by the elements of J. Since I is semi-regular, there is a finite set of 
elements { j,, . . . , i,} C J such that-for each Pa E 9 at least one of the ji’s is not 
in P,. Thus since Jb C B = c K,, b must be in B. Hence g can be written as 
g=(f,b) wherefEJ_‘andbEB. 
The remaining statements in (e), (f) and (h) follow easily from (d). 0 
In the examples that follow L is assumed to be a field and X, Y and 2 are 
algebraically independent indeterminates. 
Our first example is a rather simple one to show that Q,-Priifer rings are not 
necessarily strong Priifer rings. We shall present a more complicated example 
later where R # Q,(R). 
Example 12. Let D = L[X’, X3, Y] and let 9 = Spec(D)\{(X2, X3, Y)}. Then the 
only semi-regular ideals of R are those of the form J( + ) B where fi = 
(X2, X3, Y). For such J, J-l = D so that R = T(R) = Qo(R). ‘Ihus R is trivially a 
Q,,-Priifer but it is not a strong Priifer ring since (X2, X3, Y)R is a finitely 
generated ense ideal which is not regular. 
Our next example shows that even if R is integrally closed in Qo(R) and 
IHom(l, R) = R whenever IQ,,(R) = Q,,(R). A ilr& not be Q,,-Priifer. 
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Example 13. Let D = L[ { XZ”, YZ”: n 2 O}] and let 9 be the set ofprime ideals uf 
D which do nut contain both X and Y. Then fur R = D(+)B: 
(a) Qo(R) = LIX, Y, zl(+)B, 
(b) R is integrally closed in Q{)(R). 
(c) If I is a finitely generated semi-regular ideal of R such that IQo(R) = Qo(R), 
then I = R. 
(d) R is not Q,-Prufer. For example, the ring A = D[ Z”]( + )B is not ~n~e~r~lly 
closed in Q,(R). 
Proof. Using Theorem 11, (b), (c) and (d) follow easily from (a). 
To see that e,(R) = L[X, Y, Z]( +)B, note that the only prime ideal of D not 
contained in 9 is N = (X, Y, X2, YZ, X2*, YZ”, , . .) = dm = 
(X, Y) L[ X, Y, Z] n D. It follows that the only semi-regular ideals of R are those 
of the form J( +) B where fl = M. For such an ideal J, (X”, Y”) C J for some n 
and therefore, J-* = L[X, Y, 21. U 
Our iast examples all begin with a Dedekind domain D with a non-principal 
maximal ideal M = (a, b) where neither (a) nor (b) is M-primary. (In all three 
examples T(M) denotes the ideal transform of M as an ideal of D.) The first of 
these is similar to an example given by Huckaba of a reduced strong Priifer ring 
without Property A [ 11, Exampte 171. Except for the fact that we have used the 
direct sum of the K&‘s instead of the direct product, the ring R in our example is 
the same as the ring in [8, Exercise 10, p. 4561 (see also [14, Example 2.41). We 
have included it to give an example of a strong Priifer ring which does not have 
Property A and of an Z-ring for which T(R) # Q(R). 
Example 14. Let D and M be as above and let 9 = Spec D\( M}. Then fur 
R = D(ijB: 
(a) Qo(R) = T(M)(+)B and T(R) = R. 
(b) R is a strong Prefer ring but (0 : M( f ) B) = (0) even though M( + ) B is nof 
a regular ideal uf R. 
Proof. As in Example 11, the only semi-regular ie.ieals of R are those of the form 
J(+)B where t/J= M. For such an ideal J of D, JJ-” = D anJ J-’ C T(hl). 
Whence all of the semi-regular ideals of R are &-invertible. Thus R is a strong 
Priifer ring without Property A. Moreover, since D is Noetherian, all of the dense 
ideals of R are finitely generated. Hence Q,(R) = Q(R) and R is an I-ring for 
which T(R) # Q(R). Cl 
Example 15. Let D and M be as above. Let F = D[X] and let 9 be Oie set of 
primes of F which do nut contain M[X]. Then for R = F( +)B: 
(a) R = T(R). 
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(c) R is integrally closed in Q,(R). 
(d) Qo(R) has Property A. 
(e) R is not a strong Prufer ring. 
hoof. Let I = J( +)I3 be a finitely generated semi-regular ideal of R with 
J-’ # F. By the choice of the primes in 9, the radical of J must contain M[ X] 
even if J-l = F. Whence J contains a power of M[X]. Since F is a Krull domain, 
J-’ # F only if J is corltained in a height-one prime of F. Whence we have 
M[X] 3 J 3 (M[X])” = M”[X] for some n 2 1. Thus J-’ C T(M)[X] and 
Q,(R) = T(M)[X]( +)B. Moreover, since Mk[X] is an invertible ideal of F for 
each k L 1, JT(M)[X] = T(M)[X]. Thus for I = J( +)B, IQ,,(R) = Qo(R). As in 
the prcof of (l)+ (3) in Theorem 8, it follows that Q,(R) has Property A. 
Since F is a Krull domain, R is integrally closed in Q,,(R). But the ideal 
N =I M + XF of F has inverse equal to F so that N( +)B is a finitely generated 
semi-regular ideal of R which is not Q,,-invertible. Hence R is not a strong Priifer 
ring. El 
Our last example is of a Q,-Priifer ring R which is neither a strong Priifer ring 
nor equal to Q,(R). 
Example 16. Let D and M be as above and let K be the quotient field of D. Let 
F = D + XD,[X] + YD,[ Y] + XYK[ X7 Y] where D, = (da” E K: d E D, n E Z} 
and D, = { db” E K: d E D, n E H}. Let 9 be the set of primes which do not 
contain both X and Y. Then for R = F( + )B: 
(a) QO(R) = E( +)B where E = T(M) + F. 
(W R = T(R) # Qo(O 
(c) (X, Y)R is semi-regular and (X, Y)Q,(R) # Q{,(R). 
(d) R is QO-Priifer but not a strong Prtifer ring. 
Proof. Let I = J( +)B be a finitely generated semi-regular ideal of R. Then every 
prime ideal of F which contains J must contain both X and Y. Hence both X and 
Y are in the radical of J and thus for some n, both X” and Y” are in J. Whence 
J-’ c (X”, Y,)-l. But since F C K[X, Y], (X”, Yn)-’ C K[X, Y]. Thus to prove 
(a) it suffices to show that (X”, Yn)-’ = T(M) for each n 2 1. 
Fix n 2 1 and let d = d, + Xf(X) + Yg( Y) + XYh(X, Y) be an element of 
(X”, Yn)-! Since XYK[X, Y]C F, XYh(X, Y) is in F as are Y’*Xf(x) and 
X”Yg(Y). Thus to have d E (X”, Yn)-l all we need is for both (d,, + Xf(X))X” 
and (d, + Yg(Y))Y” to be in F. Since n ~1 this means we have d,,X” + 
X”‘*f(X) E XD,[X] and d,,Y” + Y”+’ g(Y) E YD,[ Y]. Whence d,, E D, n D, = 
T(M), Xf(X) C XO,[X] and Yg( Y) E YDh[ Y]. Therefore Q,)(R) = E( +)B where 
E= T(M)+ F. 
As T(M) # D, R # Q,,(R). 
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Since there are no rings strictly between TIM) and D, the same is true for R 
and Q,,(R). Hence R is Q,,-Priifer. 
That R is not a strong Priifer ring follows from the fact that while (X, Y)R is 
semi-regular, (X, Y)QJR) + Q,,(R). 0 
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